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Classical results

It is well known that (ultra)distributions can be represented as boundary
values of analytic functions. The essence of the problem is to determine under
which conditions the analytic function F(x + iy) (observed on a certian
conical domain I' C R¢ with respect to y) is a well defined (ultra)distribution
asytendstoOin I

The classical result of Hérmander can be roughly interpreted as follows: If

F(x+iy) < Cly|™, yer,

for some C, M > 0 then F(x + iT'0) is in the Schwartz space D'(U) in a
neighborhood U C R? of x.
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Classical results

By M, = (M,,),en, My = 1, we denote a sequence of positive numbers such
that the following conditions hold:

(M.1) M} <M, My, peEN;
(M.2) (3C>0) My, <C'*'M,M,, p,q€N;

/ S M,
(M.3) Z:l M, < 00
p:

M,
Let M, = —f?. Then M, satisfies condition (M.1)* if M, satisfies (M.1), i.e,
p!

MN2 M, M,
”)S pl Tt peN,

(M.1)" (E TE Sk
(M.1)* = (M.1).

Example
M, = p!',t > 1, satisfies conditions (M.1)* — (M.3)".
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Classical results

Let U C R?be open, K CC U and h > 0. ¢ € C>®(U) belongs to a Banach
space Ey, n(K) if

0%¢(x)|
19lle, )= Sup T <00
My, (K) aENd ek h‘O‘|M‘a|

By Dﬂlf[p’ ,» wWe denote its subspace of functions supported in K.
Locally convex spaces of ultradifferentiable functions of class M), are given by

Em,(U) = lim lim Ew,n(K) = () | Emn(K

KCCUh—oo KCCUh>0
_ . . K _ K
DMP(U) - h—n;l h—n} DMpvh - U U DMpvh’
KCCUh—oo KccU >0

and the strong dual of Dy, (U), denoted by Dj, (U), is the space
ultradistributions of class M.
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Classical results

Associated function to the seuence M), p € N, is defined by

kP
Ty, (k) = T(k) = supln —, k> 0.
PEN 14
Moreover,
kP
Ty (k) = T*(k) = supln 2. k> 0.
P pEN MP
Example

IfM, = p!’, t > 1, then there exists A, B > 0 such that

AT — B <T(k) <AV, k> 0.

AR g < T (k) < AKVOTD ) k> 0.
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Classical results

Theorem

(Komatsu, Pilipovié etc.) Let M, p € N, satisfies conditions (M.1)* — (M.3)’.
Moreover, let U be open set in RY, T open cone in R? and v > 0. If F(z) is an
analytic function in

Z={z€C? Rezec U, ImzeT,|Imz| <7},

such that for every h > 0 there exists A, > 0

F(2)| < Ape” WD) z=x+iyez,

then

F(x+iy) > F(x+i0), y—0,yeT, inDzlwp(U)'
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Extended Gevrey classes

Let7 > 0,0 > 1, h > 0. A smooth function ¢ on U belongs to the Banach
space &, p(K) if

|0%¢(x)]
[l = SUP SUP o oo

)

Let DX, be the set of functions in &, , ,(K) with the supports in K. Then,
we set

Era(U) = lim lim &,4(K) Dro(U)= lim lim D, ,.
KCCU h—oo KCCU h—oo

By D; ,(U) we denote the dual of D; ,(U).
Proposition

li G,(U) < &, (U) = C(U),

t—00

where G,(U) is Gevrey class with index z.
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Extended Gevrey classes

Lemma

LetT > 0,0 > land M7 = p™", p € N\{0}, M;” = 1. Then M,;°
satisfies (M.1)* and (M.3)". Moreover, for some C > 0 we have:
(M2) M7, < C"FMp7 p €N,

P

o o o—1 o—1
(M.2) M;)—fq < Pt 'HM;Z ,o—Mgz ,a’p’q cN.

T,0
Let mp? = Mf’al ,p € N. Then
o
M7 < () < Cp"M;(T’—l),a’ pEN,

—_—~—

where C > 0 is constant appearing in (M.2).
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Extended Gevrey classes

Definition

Let 7 > 0, 0 > 1. A differential operator of infinite order
o

P(x,0) = Z aq(x)0% is said to be an ultradifferential operator of class T, o

=0

on an open set U C R, if for every K CC U there exists & > 0 and for every

L > 0 there exists A > 0 such that,

o

Lol

[ el

sup |0%aq (x)| < AR |g|7181 a, B €N

xeK

Theorem

If P(x, 0) ultradifferential operator of class 7, o, then
P(x,0): &ro(U) — Ergor 4(U),

is continuous linear mapping.
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Extended Gevrey classes

Leth > 0,7 > 0and o > 1. The extended associated function related to the

sequence M,” = p™’, p € N, is defined by

P° kP
Tron(k) = supln ——= k> 0,
PEN MP
and
WP’ kP
T, k)= suplnl%, h,k > 0.
Y PEN MP
Lemma

For any 4 > O there exists H > h such that

TT,U,h(k) S T:,O‘,h(k) S TT7U7H(k)7 k> 0.
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Extended Gevrey classes

Theorem

Let & > 0. There exists constants By, By, b1, b, > 0 such that
1 1
b1( Ink > ol b2( Ink ) !
B1 k In(In k) S eT‘l’,Uyh(k) S sz In(In k) , k > e.
More precisely, let

1
g — 1 o—1 _o—1 o—-10 — 1
, Cp = .

T € o

h >0, C]Z(

TO TO

Then, there exist constants A, A, > 0 such that

—1
o—1 7
o

1
A k*

) (o)
In(cy Ink) S eT‘r,a,h(k) S A2 k In(cy Ink) s k > e.
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Extended Gevrey classes

Theorem

Let U be open set in R, T open cone in R? and v > 0. Let F(z) be an
analytic function in

Z={z€C?|Rezec U,ImzeT,|Imz| <7},

such that for every & > 0 there exists A, > 0

|F(2)] SAheT@“—])r,a,h(l/lyl), i=x+iyeZ
Then

F(x+iy) > F(x+i0), y—0,yeTl, inD'T/ZU,l(U).
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Wave front sets

Definition

Letu € D, ,(u), 7 > 0,0 > 1. Then (xo,%) ¢ WF,,(u) if and only if
there exists a conic neighborhood I' of &y, a compact neighborhood K of xj
and ¢ € D, ,(U), ¢ = 1, supp¢ C K, on a neighborhood of x(, such that for
some A, h > 0

u(€)| < AeTrenl€) N eN,¢eT.

Proposition

Foro > 1and 0 < 71 < 7 we have

WF(u) C WF,, ,(u) C WF,, ,(u) C ﬂWF,(u), uec D'(U),
>1

where WF;(u) denotes Gevrey wave front set.
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Wave front sets

Foro > 1

D(U)(U) = @ DT,O'(U)? D{U}(U) = ll_Il>’1 DT,O’(U)

T—0 T—00

and let D'()(U), D'{7}(U) be the corresponding dual spaces.
Denote

WF (1) = (Y WF, o (1), ue D),
7>0

and

WF (u) = | J WF,(u), ueD ().
7>0
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Wave front sets

Corollary

Letu € D'{"}( U) (resp. D'(9)(U)), o > 1. Then (xo, &) & WFL} (1) (resp.

(x0, £0) & WE(@) (1)) if and only if there exists a conic neighborhood I of &,
a compact neighborhood K of xo, and ¢ € D7} (U) (resp ¢ € D@ (U)) such
that supp ¢ C K, ¢ = 1 on some neighborhood of xj, and

‘@(5)’ SA’é-’H(ln}rllnliD) ) , SEF,

for some A, H > 0 (resp. for any H > 0 there exists A > 0).
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Wave front sets

Theorem

Let o > 1, U be open set in R, I" open cone in R? and v > 0. If F(z) is an
analytic function in

Z={ze€C%Reze U,Imzel,|Imz| <~},

such that

1
_H< In(1/[y1) )“ 1
F(z)| <Aly| \"OP) 0 r=xtiyeZ,

for some A, H > 0 (resp. for every H > 0 there exists A > 0). Then
u(x) = F(x 4 il0) € D'O)(U) (resp. D7} (U)).
Moreover,

WE) (1) CUx Ty, (resp. WEH(u) C U x Ty),

where T = {¢ € RY|y- £ >0 for all y € T'}.
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